Dynamics of the Shen-Larter calcium oscillation model is investigated based on the theory of the center manifold and bifurcation, including the classification and stability of equilibrium. The existence of two subcritical Hopf bifurcations is derived in this case. More precisely, it is shown that the subcritical Hopf bifurcations play a great role in the study of this calcium oscillation model. In addition, numerical simulations are provided to verify our theoretical analysis and to display new phenomena. Based on the theoretical analysis results and the numerical results, an effective mechanism explaining the Shen-Larter calcium oscillation model is obtained.
Introduction
In non-excitable eukaryotic cell types, including hepatocytes, oscillatory changes in concentration of free cytosolic calcium (Ca 2+ ) generate extracellular agonists acting through the phospho-inositide signalling pathway. Ca 2+ oscillations play a vital role in intra-and intercellular signaling [1] . When simple selfsustained Ca 2+ oscillations were first discovered experimentally during the 1980s, many theoretical studies have been conducted to describe the complex mechanism of Ca 2+ oscillations [10] To explain the mechanism of complex calcium oscillations, a variety of mathematical models for complex Ca 2+ oscillations were proposed in non-excitable as well as in excitable cells [5, 6] . Based on calciuminduced calcium release (CICR) and the inositol trisphosphate cross-coupling (ICC), Shen et al. gave an early theoretical study of complex Ca 2+ oscillations trying to describe bursting Ca 2+ oscillations in nonexcitable cells [11] . A more detailed study of different mechanisms explaining the Ca 2+ oscillations in non-excitable cells have been given by Borghans [2] and further mathematically analyzed by Houart, et al. [3, 4, 7, 12] . Synchronization behaviors of non-excitable cells by gap junction coupling were explored by Huo and Zhou, and the threshold values of synchronization for identical and un-identical oscillators were computed numerically [8] .
The mathematical models for Ca 2+ oscillations in non-excitable cells were presented for several years. Many analytical methods were reported for the estimation of Hopf bifurcation of Shen-Larter model. In this paper, the existence and stability of equilibrium is derived by using the qualitative and stability theory. The theoretical analysis shows that it will display Hopf bifurcation at equilibrium o 1 , o 2 , which are nondegenerate and subcritical. Theoretical predictions from this model are confirmed numerically. It is shown that this system has complex dynamics with some interesting characteristics.
Model
Consider the system suggested by Shen et al.:
where three dynamical variables are Ca cyt ( the free concentration of Ca 2+ in the cytosol), Ca er (the free concentration of Ca 2+ in ER) and IP 3 (IP 3 concentration). The explicit expressions for J can be written generally as:
Therefore we propose some hypothesis to facilitate the following discussion: x = Ca cyt , y = Ca er , z = IP 3 . Parameters are made if not otherwise stated:
We will investigate the variations of the equilibrium with changing the parameter k out , including the existence, number, type and bifurcation.
Results
Let the equilibrium of system (2.1) is (x 0 , y 0 , z 0 ) and
We rewrite system (2.1) as:
It is easily seen that the system (3.1) has the equilibrium (0, 0, 0), which has the same properties as the equilibrium of (2.1). One can calculate the jacobian matrix (a ij ) 33 of system (3.1), and obtain the following characteristic equation: As above, one has the equilibrium o 1 = (0.6769, 1.7534, 0.2018) for r = 2.9548, and let n = k out − 2.9548, system (3.1) can be rewritten as:
o 1 (0, 0, 0, 0) is the equilibrium of (3.2), and the characteristic roots of (3.2) are: By using the theory of the existence theorem of center manifold, (3.2) has center manifold: 
where
The following conclusions can be derived from the bifurcation theory:
After computations we include that system (2.1) has a subcritical Hopf bifurcation at o 1 = (0.6769, 1.7534, 0.2018) for k out = 2.9548. If k out > 2.9548, the stability of equilibrium o 1 changes and a limit cycle occurs around the area of o 1 , and system (2.1) will generate the complex Ca 2+ oscillations.
Let k out = 10.1658, we have the equilibrium o 2 = (0.1967, 13.5026, 0.0822). Similar to the previous analysis, we have the center manifold corresponding k out = 10.1658:
where The bifurcation diagram of equilibrium of system (2.1) is shown as Fig. 1 . The solid line of the curve means the stable equilibrium, and the dashed line unstable equilibrium. It is shown that system (2.1) has two bifurcations, marked HB1 and HB2 of which parameters are k 1 out = 2.9548 and k 2 out = 10.1658 respectively. For k out < k 1 out , there is a stable node of system (2.1), whereas the equilibrium loses its stability when k 1 out < k out < k 2 out . As k out increases, the equilibrium changes its stability at HB2.
(a) (b) Fig. 3(a) , Fig. 3(b) represents time series. We can infer that the frequency decrease with the bifurcation parameter increasing.
The fast subsystem corresponding to Fig. 4 (a) has the form: Fig. 4(b) is the time course for k out = 9. The phase plot of system (2.1) is also superposed. LP1 and LP2 represent the fold bifurcations. Solid (dashed) lines represent stable (unstable) steady states. The closed line denotes the limit cycle trajectory. Here we fix k out = 9, and the slow variable (Ca er ) is used as the bifurcation parameter. According to Izhikevichs classification of bursting [9] , this graph shows a point-point bursting of fold-fold type.
The main characteristic of this type of bursting is that the active phase starts with a fold bifurcation (LP 1) and ends with another fold bifurcation (LP 2). To understand this type of bursting, we start at the silent phase in the anti-clockwise direction. When the trajectory passes the fold bifurcation point (LP 1), the lower stable steady state branch loses its stability and turns unstable. As time progresses, the trajectory passes another fold bifurcation (LP 2) and becomes closed because of the attraction of the lower stable steady state. The silent phase of bursting starts again.
We obtain different types of calcium oscillations in system (2.1) with the increase of k out for 2.9548 < k out < 10.1658. The type of calcium oscillations can be determined by the fast-slow dynamic bifurcation analysis.
Conclusion
We studied the nonlinear dynamic of the Shen-Larter calcium oscillation model, including the stability, classification and bifurcation of equilibrium points. By choosing the parameter knout as a bifurcation parameter, it is found that two subcritical Hopf bifurcations play a great role in the occurrence of calcium oscillations. Numerical simulations verify our theoretical analysis results. By combining the existing numerical results with the theoretical analysis results in this paper, a complete description of the nonlinear dynamics of the Shen-Larter calcium oscillation model is obtained.
